Chapter 4. Vibrating Strings and Membranes

Section 4.4
4.4.1 (a) Natural frequencies are cv/), but A = (nw/L)?. Thus frequencies are nwe/L,n =1,2,3, ...

4.4.1 (b) Natural frequencies are cv/A. The boundary condition ¢(0) = 0 implies ¢ = ¢; sin v/ Az, while
d¢/dz(H) = 0 yields VXH = (m — )7 with m = 1,2,3. Thus the frequencies are (m — 3)wc/H and
the eigenfunctions are sin(m — 1)rz/H.

4.4.2 (c) By separation of variables, u = ¢(z)h(t), ‘(’:th = —Ah and To%‘g + (@ + Apo)¢ = 0. With ¢(0) =
and ¢(L) = 0, (a + Apo)/To = (nw/L)2,n =1,2,3,... and ¢ = sinnrz/L. In general h(t) involves a
linear combination of sinv/At and cosv/At, but the homogeneous initial condition u(z,0) = 0 implies
there are no cosines. Thus by superposition

oo
u(z,t) = Z Apsiny/Aptsinnrz/L,
n=1

where the frequencies of vibration are /A, = ,/ﬁ"—"ﬁpzuﬂf—a. The other initial condition, f(z) =
Yoo i AnVAnsinnnz/L, determines A,

9 L
AV = f/ f(z)sinnrz/L dz.
0

4.4.3 (b) By separation of variables, u = ¢(z)h(t), %& ﬂ = —\. The boundary conditions ¢(0) =0

and ¢(L) = 0 yield A = (nw/L)? with ¢ = sinnnz/L, n = 1,2,3,.... The time-dependent equation
has constant coefficients,
2
poh" + Bh' + (%) Toh =0,

and hence can be solved by substitution h = e™. This yields the quadratic equation

nmw

L) To =0,

PoT +ﬂr+(

whose roots are

—B £ /B2 = 4poTo(nm/L)*
2p0 '
Since 82 < 4poTo(m/L)?, the discriminant is < 0 for all n:

r=

B . Ty 2 g
r = —— + iw,, where w, =/ — (—) .
200 ns n oo \' L 4,00
Real solutions are h = e~5t/2P0 (sin wy,t, coswyt). Thus by superposition
= nwT
u = e Bt/2p0 Z (an cos wnt + by, sinwyt) sin —.
n=1 L

The initial condition u(x,0) = f(x) determines an, a, = ¢ fOL f(z) sin 272dz, while a“ 5¢(2,0) = g(z) is

a little more complicated, g(z) = Y o> ; bywy, sin 2% — o = Z an sin 2= , and thus
f(=z)
Ba, 2 / L . nTx
bowp = —+ = z) sin — dz.
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